
JOURNAI OF

Journalof GeometryandPhysics12 (1993) 1—11 GEOMETRYAND
North-Holland PHYSICS

OngeneratorsanddefiningrelationsofYangians

S.Z.Levendorskii
Budennovskii94, ap. 64, Rostov-on-Don,344018RussianFederation

Received3 August 1992

So far, two equivalentdefinitionsofYangiansareknown. The first one involvesa finite set
of generatorsand relationsbut someof the latter are too complicated,while the secondone
exploits infinite sequencesofgeneratorsandrelationsof moreconvenientform. It is shownin
thispaperthatonly afinite part of thesesequencessufficesto definethe structureofYangians.
In addition,we constructgeneratorsfor the “Cartanpart” of Yangian,whichenjoyproperties
moresimilar to thoseofgeneratorsofa Cartansubalgebraof a simpleLie algebra.
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Drinfeld [3] introducedthe notion of aquantumgroup,the most important
examplesbeingquantizedenvelopingalgebrasandYangians.Both thesetypesof
quantumgroup are closely relatedto solutions of the quantumYang—Baxter
equation,hencethoroughstudyof themis of interest.

So far, two equivalentdefinitionsof Yangiansareknown.The first one,given
by Drinfeld [3], involvesa finite set of generatorsandrelationsbut someof the
latter are too complicated.Later, Drinfeld [4] (seealsoref. [51)suggesteda
moreconvenientsetof generatorsandrelationsbut thissetis infinite. In themain
theoremof thepresentpaperweshowthatonlyafinite partofthelastsetsuffices
to definethe structureof Yangians.In addition,we constructthe generatorsof
the“Cartanpart”of Yangian,whichenjoypropertiessimilar to thoseof the gen-
eratorsofa CartansubalgebraofasimpleLie algebra.

It shouldbe notedthat so far Yangiansareintroducedfor simpleLie algebras
only whereasit seemsreasonableto introducethem in the caseof affine Lie al-
gebrasas well. Still, it canbe shown thatone cannotexpectsimple infinite se-
quencesof relationssimilar to thoseof ref. [4] to exist in the caseof affine Lie
algebras.Thereforeit is importantto beableto handleYangiansby usingonly a
finite setofthe relationsintroducedin ref. [4] (or theiranalogs).Theresultson
“affine Yangians”will appearelsewhere.

Forvariousresultson therepresentationtheoryofYangiansandtheirrelations
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with thetheoryof integrablequantumsystems,seeDrinfeld [3—51andChariand
Pressley[1,21.

1. Main theorems

Let gbe afinite-dimensionalcomplexsimpleLiealgebra,let g= n±~ ~ n be
a triangulardecompositionof g, let A~bethe setof positiveroots and{a1
a~},n=rankg, thecorrespondingsetof simpleroots,andlet (a0) bethe Cartan
matrix of g.

Fix anon-zeroinvariant symmetricbilinearform ( , ) on g, andfor eachposi-
tive root a of g, chooseroot vectorsx~in the ±a root spacessuchthat (x~,
x~)=1.Thenseth~=[x~,x~],hj—ha,,x~=X~.

Definition 1.1. Denoteby Y(g) the algebraover C with generatorsx~,x~’,h,0,
~ (1 ~i~n) anddefiningrelations

[/~~,/~~1=O, [/~~,Ii~~]=O, [/~i,~i1=O; (1.1)

[ , xJ~]= ±(a1,

(1.2)

[x~,x~]=ô~0, [x~,x~]=(i1+~ii~); (1.3)

~ (1.4)

whereb0= (a1,a1)/2;

[x~, [x~,..., [x~,x1fl~]]=O, i�j, (1.5)

(1 — a0 commutators);

[~1,x~],x~fl+[x~, [/~,,x~]]=O. (1.6)

Set for keZ~,

xfk±l=±(aI,al)[h,l,xlkl, hlk=[x~,x,~}.

Theorem 1.2. Thealgebra?(g) is isomorphictothe YangianY(g), theisomorph-
ismbeingdefinedby

— t EY(g)
1. ~ “tik .3

In otherwords,in g) thefollowingrelationshold:

(1.7)



S.Z. Levendorskii/ Ongeneratorsanddefiningrelationsof Yanglans 3

~ ; (1.8)

(1.9)

(1.10)

~ (1.11)

~ ~ [x~12>, ..., [x~L(,~), xJ~’]“] 1=0 , (1.12)

for i �j, wherem= 1 — a0 andthesumis takenoverall thepermutationsa of{ 1,
m}.

Relations(1.7)—(1.12)implyrelations(1.1)—(1.6).

Remark1.3. Relations (1.7)—(1.12) are just the relations introduced by
Drinfeld in ref. [4].

Theproofof theorem1.2is basedon thefollowinglemma.To stateit weintro-
ducethe unital algebraA with the generatorsh~,~ (Je7L+) and the defining
relations

[hk,h~]=0; (1.13)

(1.14)

whereh1 = I andyelR is independentof k, 1. Set

h(t)= ~ hkt~~, x(’r)= ~ X~Tt 1
k~—I t~O

anddefineh’kEA (kEl~)by the equality

~ hkt~~=lnh(t). (1.15)
k~O

Heretheright-handsideis theexpansionin powersof t in the vicinity oft= +cc.

Lemma 1.4. Let (1.13) holdforj~<p,l<~p,andlet (1.14) holdfor k<~pand leZ~.
Thenthefollowingrelation holdsfor k~<pandle7L~:

k+ 1—s

[Rk,xtl=2yxk+l+2 ~ C~~1x1~. (1.16)
O~sek—2 ~.+ 1
k+s even

Proof Due to (1.15), Ek — hk is a polynomial in h0, h1, ..., hkI. Hence,while
deriving (1.16), we may and shall assumethat (1.13), (1.14) hold for all
k, lel~.Now (1.14)canberewrittenas
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t—i+p
h(t)x(t) =x(r)h(t)

t—t—y

therefore

[R(t), x(r)] = [ln h(t), x(r)] =ln tt+Yx(T) (1.17)

Simplecalculationsgive

in =ln( 1 —t~(r—y) )—ln( 1 —1~(~+y))

= — ~

k~1

t~
= ~ C~t’y’((—l)’~+l);

k~1 k O~j~k

hence,( 1. 17) gives ( 1.16 ).

Corollary 1.5. Let (1.8) holdfor leZ~,1 ~<i,j~n, let (1.10)holdfor k~<p,leL~,
and l~<i,j~<n,let (1.7) holdfor k, l~<p, 1 s~i=j~n,and defineh~0(0~<k~<p,
1 ~i~n) by

~ ~t~=ln(1+ ~ h1~t~~) (118)
k>0 k~O

Thenfork~p,le7L~,1~i,j~n,

[~k, x~I = ± (a1, aI)xJ~+k

± ~ 21 (aj,aj)~1_1Ck XJ~±s. (1.19)
O~ss~k—2 + 1
k±seven

Remark 1.6. Theorem1.2 beingproved,thecommutationrelations(1.19) hold
for all indices.Notethat theserelations,modulo termsof smallersecondindices,
aresimilarto the usualcommutationrelationsin g:

[h1,x7]=±(a1,a1)x]
t

In addition,the RJk behaveabit nicerunder the actionof the coproductin the

YangianY(g) (for the definitionof the coproductin Y(g),seerefs. [1—5]).

Proposition1.7.

Ahjk=kk®1+1®h,k (mod YH®HY~), (1.20)
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whereY~(H) is a subalgebraofY(g),generatedbyx~(by 1 andhfl).

Proof An easyinductionshows(cf. ref. [1], proposition1.6, andref. [2], prop-
osition3.2) that

~ h1,1~®h~..1 (1.21)
1-~j~k

modulo YH®HY~,and (1.20) follows easily from (1.18), (1.19) and
(1.21).

Remark 1.8. Formula(1.20) allows usto formulatethe highestweightmodules
theoryfor Yangianssimilarity to the onefor simpleLie algebras(cf. the highest
weightmodulestheoryfor Yangiansbasedon (1.21), in refs. [4,1,2]).

2. Proofof theorem 1.2

First we showthat relations(1.7)—(1.12) imply relations(1.1 )—(1.6); next
we deducefrom (l.l)—(1.6) somesimplerelationsin (1.7)—(l.12);after that
we proveby inductionthe relations(1.7)—(1.12) for j =1~andfinally we prove
(1.7)—(1.12)for i�j.

By comparing(1.3)2 with (1.9), we seethat (1.1)—(1.5) follow from (1.7)—
(1.12)oncewe showthat (1.2)2holdswith

i~ _1. 11,2

hi1 —Ui! — ~hiiO

From (1.10) and(1.8),we deduce
rl~ ±i.....rj. ±1 1F1.2 ±

L’~i1 X30 j — ‘ X10 j — ~L’~iO, X10
=[h10,xJfl±b0(h~0x1~+x1~h~o)~b0(h1oxJ~+xJ~h~o)

= ±(a1, a~)xJ~

and(1.2)2withh11=h~1—h~/2holds. Thus, (l.1)—(l.5) hold.

Formula(1.6) canberewrittenas
(a,, a1)~([x~,x~]—[x~, x~])=0,

andhencefollows from (1.7), (1.9).
Nowwestartderiving(l.7)—(l.l2) from (1.1)—(1.6).From(1.1), (1.2) and

thedefinitionof ~ h,k, it follows that

[h,o,x~~]=±(a1,a~)x3~ ; (2.1)

[h10,h1~]=0; (2.2)

(2.3)
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h11 = [x~ , x~]=[x~, x,1] . (2.4)

By commutatingbothsidesof (2.4)with h,1 we obtain

h,2= [x~,x~]= [x~,x~]= [x~,x~] . (2.5)

Now weseethat (1.6) is equivalentto

[h,2,h,~]=0. (2.6)

As abovewe deducefrom (1.2)

[h11,xJ~]=[h,o,xJj±b~,(h,ox~+x~h,0),

andcommutationwith h11, dueto (1.1)2,gives

~ +x~h10). (2.7)

Tostarttheproofof(l.7),(l.9)—(l.ll) fori=j,wenotefirstthat (1.7) with
k, l~>2follows from (2.2) and (2.6), formula (1.10) with k=0 is (2.7), and

formula(1.11) with k=l=0 is just (1.4),whichwecanrewrite asfollows:

(2.8)

Lemma2.1. Lets,pelt, let

[h11,hlk] =0, for k+l~<s, (2.9)

let Jirn,
1t,.i ,..., E~bedefinedby (1.18), let (1.19)holdfork~<sandle7L~,and let

(2.10)

Then (1.11) holdsfork=p+sandl=p:

[x~± i, x~]= [x~~±
5,x~±~]

±~(a1,a1)(x~~±~x~+x~x~0±1)

Proof Notethat (1.19) is of the form
[~k,xfl=±(a,,a/)x~/+k± ~ d’~rX,t7±r, (2.11)

Osr~k—2

set = h10,anddefineinductively

~ d~rI~ir, k=l,2,...,s.
O~r~k—2

Then

~ x~]= ±(a1,aj)x,±k±/,k=0, 1,...,s , le~~, (2.12)

and
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/~ik= h,~+polynomial in h,0, h11, ..., h,,kl,

hlk=,c’k+ (another)polynomial in h10, h,1, ..., h1,k! . (2.13)

Using (2.12)and (2.10),we obtain

x~]= ±(a,, a,) ‘[ ~ x~~±1],xfl

= [x~~±5,~ ~]±(a1, a1) [~, [x~~±1,x~]]

= [x~~±5,x~+1]±(a1, a1)
1[~, x~2(±~ a

1))]

= [x~~±5,x~±1]±~(a1,a,)(x~~±5x~+x~x~~±5)

Thisprovesthe lemma.

Dueto (2.2), (2.7) and(2.8), theconditionsoflemma2.1holdforsi~l,p=O.
Hence,the conclusionof lemma2.1 gives

[x~,x~]= ±~(a~,a1)(x,~x~+x~x,~). (2.14)

Takethe + sign andcommutatewith x~:

[h12,x~]+[x~, h10]=~(a1,a,)(h,1x~+x~h11+x~h10+h,0x~)

= [h11,x~]— [h10,x~] + ~(a1,a1)(h11x~+x~5h,1)

Hence,

[h12,x~]= [h11,x~]+~(a1, a,)(h~1x~5+x~h11), (2.15)

andanalogously,

[h12,x~]=[h11,x~]—~(a1,a,)(h,1x~ +x~h11). (2.16)

Since [h1,h12]=0, we deducefrom (2.15), (2.16):

[h12,x,~J]=[h11,x,~1±1]±~(a1,a,)(h11x~+x~’h11); (2.17)

in addition,we seethat (2.ll)—(2.13) hold for kz~2.

Lemma2.2. Formula(1.11)holdsfork,le7L±,j~i.

Proof Set

~

~ +x~x~),

andnotethat (2.12) with k= 1, 2 givesthe following implications:
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X~(i,p,l)=0

(i, p+ 1, 1) +X~(i, 1+ 1) =0

X~(i,p+2,l)+2X~—(i,p+1,l+l)+X~(i,p,l+2)=0; (2.18)

X~(i,p,l)=0 ~. X~(i,p+2,l)+X~(i,p,l+2)=0. (2.19)

Hence,

X~(i,p, l)=0 X~(i,p+1, l+1)=0. (2.20)

Now (2.8), (2.14) and (2.20) give

X’~(i,k,l)=0 for0~l<k~2. (2.21)

Suppose,(2.21) holds for 0~<l<k~<s,wheres~2. Applying (2.18) with p=s’
and (2.19) withp=s’—l, 0~s’~s,we obtain (2.21) for 0<l<k~s+1; ifwe
nowapply (2.18)withp=sandl=0,weobtain (2.21) for 0~l<k~s+1.Thus,
thelemmais proved.

Now we shallprovethe setof formulae

[h,k, h11] =0, k+l~<s,k>~1; (2.22)

(2.23)

[h ± ±

1k, Xit = i.k—! , X,~+
±~(aI,aI)(hIklx,~+x~hIkI),k~>l,l~>0,k+l~<s,(2.24)~

by usinginductionin s. Fors= 3, theseformulaehavealreadybeenproved.Sup-

posethey hold for s=r, andconsiderthe caseof oddr=2p— 1 first.
Since [h,~,h,1] =0 for l~p,we deduce from (2.24)~:

[h10,x~,]=[h11,_1,x~m±i]±~(a1,a,)(h1,~_1x~~+x~,h,~1)

formcZ~hence,(2.11)—(2.l3)holdwithk=pand/el~,and

0= [h,~,h,~]=[h,1,,~]= [x~,x~], ~]
= — (a,, a1){ [x~0, x~]— [x~, x~]}. (2.25)

Further,by commutating~ with bothsidesof (2.23) with s=2p—1, weobtain

[x~0, x~]— [x~, , x~]

(2.26)

By comparing(2.25) and (2.26),weconcludethat (2.23) holdsfor s=r+ 1 =2p
andthatfor q-<p the following equalityholds:
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[hi,rq, hjq±1] = [X~~q, x~], ~,q± ~]
_r ± —1 r + — —
— LX,,r+ 1, X,

0 j — LXi,r_q, X,q+ I —

Hence,(2.22) holdsfor s=r+ 1. Finally,by commutatingE~with (2.24)±with
s=r andtaking into accountthat (2.22) holds for s~<r+l,weobtain (2.24)~
with s= r+ 1. Thus,we havemadean inductivestepfor r odd.

Now, let r = 2p beeven.By commutating/~with (2.23) with s= 2p, weobtain

r + —1 1 + —
1~X~0j — LX,.2p, X11

= ~ xzj I — [x~~1, x~] =

~ . (2.27)

Due to (2.23), [h,~,h,1] =0 for l’~<p;thereforewe candefine )~, [see(2.11)—
(2.13)] andobtain

~, h1~]= [h,,~+~, h,p] = [x~~+ i q~X~], h,~]

= — (a1,aj)([x~p+i...q, x~] — [X~p+i...q, X~p±q]). (2.28)

Onthe otherhand,using (2.24)±severaltimeswith k+ l~2p gives

11. 1, 1...FFL, ± 1 —1J..F + FL, —
L”i,p± 1, ‘tlp J — L L “l,p+ 1, Xj,p ii, Xi1 i ‘ LX1,p_I , L”i,p± I X11

= [h,0, ~ x,j]

~ (I, ± ~ 1, —
L ~ 1,p—j i,p±j— I l,p+j— 1 i,p—jJ, itO”kj±p

~ [h1o,x~~±2]]

~ (h1,~1x~1

O~j±p

= (a1, a~)(~ xj ] — ~ i, x~~+2])

+ ~ { [h1,~_1x~±1..1+xt,±1_ih1,~..1,xj]
O~j~kp

+ ~ h1~1x~.±1+x~.÷1h1,~1]}. (2.29)

In Y(g), the left-handsidein (2.29) is equalto zeroandso is the first term on
the right-handside;thereforethe sumoverj is zeroas well. But this sumcan be
representedas a sumof monomialswith the propertythatthe sumof the second
indicesis not greaterthan2p; sinceby the inductionhypothesisthe setsof such
vanishingsumsin Y(g) andY(g) coincide,we seethat in ?(g), (2.29) may be
rewrittenas
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By comparingthisequalitywith (2.28),we find [h1~±1,h,~]= 0, and (2.23)holds
for s=2p+ 1 =r+ 1. Now, the proof of (2.22) and (2.24) for s=r+ 1 is con-
cludedjust as in the caser odd above.

Thus, we have proved all the relations (l.7)-.-( 1.1 1) forj= i; below, we prove
(l.7)—(l.l2) for i~tj.

First weprove (1.11).Fork=l=0 it isjust (1.4). If (a1, a~)=0, thenby com-
mutatingsuccessivelywith fi.~we obtain (1.11) for all k>_~0 and 1=0; then,by

commutatingwith i~1,weobtain (1.11)for all k, leL.
If (a,, a1)�0,we commutate

X~(i,j; k, 1) := [x~±1 , x~] — [xi, x~±~I ~b,1(x~x1~+x~xj)

with /~andindependentlywith /~•~to obtain:ifX~ (i,j; k, l)=0, then (X~(i,j;
k+ 1, 1),X~(i,j; k, 1+ 1)) is asolution to thehomogeneoussystemof two equa-
tionswith the determinant

(a1,a1) —(a1,a1) ~o (230)

(ct~,a,) —(a1,a1•)

Hence,

X~(i,j; k, 1) =0 X~(i,j; k+ 1,!) =0, X~(i,j; k, 1+1) =0

SinceX~(i,j; 0,0)=0, wededuce(1.11) for all k, 1.
Relation (1.9) is proved similarly: if (a1, a~)=0 then we commutate

[x~ ,x~] =0 with i~andobtain [x~ , x~]= 0 forkEZ±;after that,wecommutate
with /~and obtain (1.9) for all k, le7L~.If (a,, a1)�0, we commutate

[x~, x~]= 0 with ~ andindependentlywith i~to obtain

[x~~1, x~]=0, [x,~.,xj~±1=0.

Hence,the equality [x~, x10]=0 (it]) yields (1.9) for all k, 1.
Now, weprove (1.10) for the + sign; the prooffor the — signis similar:

N, ±1 11 ± —1 ±lrr + ±1 —

‘ti,k±1~X11 J = I L~i,k+ I , X10 j, X11 j — [ ~ i, X~j j, X10

It. ± 1 1,11. ± +1,
= I “1k~Xjt± ii U11 ~ft,kX1/ X11 ~

To prove(1.7) we first notethat the h1k satisfy(1.19) not only for i �j (aswas
shownbefore)but for i �j as well. Indeed,if we substitutein the commutation
relations involving (i, i)~ ((a1, a1)/(a,, a1))k±

1hlk for hlk and ((a
1,a1)/

(a1, a1))~ for x~,we will getthe commutationrelationsinvolving i =1. But
this substitution,dueto (1.17),replacesh•k with ((a,, a~)/(a,, a1))k±

1hlk• hence,
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(1.19)with i=jgives (1.19) with iitj.

By using(1.18), (1.19),wecan construct/c,1,k (k=0, 1,...) suchthat

[~J,k,x~]=±(ai,aj)x~k±t, (2.31)

1

7,j,k=h,k +polynomialin h,
0, ..., h,,kj (2.32)

(cf. proofof lemma2.2). Using (l.2)~and(2.1), we get

[h10,h1~]= [h,0, [x1~, xj I] = (a1, a1)’ (h11—h11)=0;

therefore(1.7) is proved for k=0 andall lEZ~.Suppose(1.7) holdsfor k=r.
We wantto showthat it holdsfor k=r+ 1. Due to (2.31)andthe inductionhy-
pothesiswemaysubstitute~ij,k for h1k; afterthat (2.32)allowsus to prove (1.7)
likewedid in thecasek=0.

Now all that is left to do is to prove (1.12). If (a,, a~)=0,then (1.5) is
[x~, x~]=0, and by commutatingsuccessivelywith /~and E~,we obtain
[xi, x~] =0, for all k, lE7~.Thismeansthat (1.12)holds.

Now, let (a1,a1)~0. For lE~~andanon-increasingtuple k= (k1, k2, ..., k,~),
wherek~e7L±andm= 1—a,1, denoteby X~(k; 1) the left-handsideof relation
(1.12).

First we showthatX~(0; 1) =0 for all lc7L~,i.e., (1.12) holdsfor k= (0, ..., 0)

andall le7L~.For 1=0, it is just (1.4).AssumeX~(0; /)=0 for ls~randcom-
mutatewith Ji~.1andwith )~. We get a systemof two homogeneouslinear equa-
tionswith the unknownsX~((1, 0, ..., 0); r), X~(0; r+ 1) andthe determinant
(2.30).Hence,X~(0; 1) =0 for ~

Finally, we useinduction on the numbers of the first zeroentry k, of k. For
s=0, we have X~(k; 1)=X~(0; 1) =0. Assume X-~(k; 1) =0 for all k with
s=s(k)~ r andall leZ~.By commutatingwith h,~andusingthe induction hy-
pothesis,we get X~(k’; 1) =0 for all landk’=k’(k, p) which areobtainedfrom
(k1, ..., kr, p, 0, ..., 0) by reordering. Hence,X~(k; 1) =0 for all k with
s=s(k)~r+1 andall leZ~,and (1.12) is proved.

Theauthorexpresseshisgratitudeto V.G. Drinfeld fordiscussionofthe paper.
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